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In this paper we use a numerical relaxation algorithm to improve and generalize the obtainment of
the perturbation eigenstates of nonlinear systems. As a model problem we consider the linear stability
analysis of the vortex eigenstates of the cubic–quintic nonlinear Schrödinger equation. It is shown by
numerical calculations that the relaxation algorithm permits accurate tracing of complex perturbation
eigenvalues.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction
Nonlinear equations arise in general from many-particle interactions where the reformulation of the initial problem is required
in order to obtain a tractable model. Nonlinear wave equations
were formulated for a wide range of phenomena, including crystal
dislocation, matter–light interaction, Bose–Einstein condensation
and dynamics of biological molecules [1]. The study of nonlinear
wave equations addresses many issues ranging from purely theoretical aspects, e.g. existence, uniqueness of their solutions, their
construction or stability to their experimental probing. Stable nonlinear waves maintain their features, for example localization or
shape, almost unchanged while the unstable ones may display collapse, delocalization or splitting. Stability criteria like energetic,
dynamical and linear stability [2] may help in the characterization of the dynamics of the waves. The energetic and dynamical
stability are responsible for the behavior upon ﬁnite non-small
perturbations and is mainly studied using analytical methods, being tractable only in some particular situations (see for instance
Refs. [2,3] and references therein). The linear stability analysis is
used to investigate the behavior upon inﬁnitesimally small perturbations. The energetic criteria is the strongest one and is based
on global properties of the Hamiltonian structure of the system,
while the linear criteria is the weakest one. In general the stability
analysis of nonlinear waves is a challenging task and may involve
a combination of analytical and/or numerical methods whose results are to be cross-checked in order to validate them. The stabil-
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ity analysis for different kinds of nonlinear waves was extensively
treated in the literature, including those in media showing Kerr [2],
saturable [4,5], cubic–quintic [6] or even more complicated nonlinearities [7].
The issue of linear stability reduces to the analysis of an eigenvalue problem obtained by linearizing the original nonlinear problem. Analytical methods for linear stability analysis are based
mainly on the spectral properties of operators [2,3,5]. The number of numerical algorithms for linear eigenvalue problems makes
somewhat easier this approach as they can be used to determine
any kind of eigenvalue, i.e. real, imaginary or complex. Nevertheless, one has to dedicate some extra effort in distinguishing
physical eigenvalues from the spurious ones. This may turn into
a diﬃcult task in the case of purely numerical problems. Another
successful approach is to determine the eigenvalues by monitoring the growth of unstable modes as they evolve [4]. Although this
method permits a straightforward interpretation of the results by
capturing the dominant perturbation, i.e. the one showing fastest
growing, it turns out to be inappropriate for determining slow
growing, non-dominant or oscillating perturbations.
In this paper we describe an additional method for the study of
the stability of nonlinear systems based on a numerical relaxation
method for two-point boundary value problems [8]. The method
does not suffer from the drawbacks of the eigenvalue or growth
rate methods. The only requirement is a good initial guess of the
perturbation to be determined, which can be provided by one of
the above mentioned methods applied for a non-problematic set
of parameters. The convergence obtained from the initial guess
makes possible the calculation of many different eigenstates in a
row by slightly varying the values of the parameters. This method
has been successfully used in the linear stability analysis of solitary
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Fig. 1. Stationary vortex states of the nonlinear Schrödinger equation with cubic–quintic nonlinearity having the azimuthal charge l = 2, 3, 10 and 50, and the propagation
constant β/βcr = 0.1, 0.5, 0.9 and 0.99.

waves propagating in nonlinear coherent media [7]. A similar technique may be applied using other iterative methods [9].
To present the main aspects of the algorithm and illustrate its
performance we chose as a model problem the cubic–quintic nonlinear Schrödinger equation (CQNLS) [10,11]. A good reason for this
choice was the controversy that this system originated in the past
basically because of its numerical complexity. In fact, an uncareful choice of the propagation step and/or the sampling mesh was
probably the reason why erroneous results were reported using
the growth rate perturbation method [12,13]. Close to the critical point, where the stationary states take the top-ﬂat shape and
their instability vanishes, the numerical problem requires from a
big computational effort and this situation can be easily managed
by the proposed relaxation method.
The organization of this paper is as follows. In Section 2 we
brieﬂy present the main aspects of the linear stability analysis for
nonlinear systems. In Section 3 we describe the model problem
that will be used to illustrate the calculation method. In Section 4
we detail the proposed method and discuss the obtained results.
Finally, in Section 5 the main results are summarized and future
extensions are discussed.
2. Linear stability analysis
Linear stability analysis is one of the most successful methods
of evaluating the stability of nonlinear systems [1,3]. Basically, the
linear stability follows the development, e.g. growth, oscillation or
suppression, of arbitrary small induced perturbations. In order to
carry out the calculation the perturbed ﬁeld is substituted in the
equation describing the physical phenomenon which is further linearized in order to obtain a relationship for the perturbation. In
that way it is usually obtained an eigenvalue problem which, once
solved, provides the growth rate of the different instabilities affecting the physical system. The growth can be negative in all cases,
revealing that the system if fully stable – at least in a linear perturbation context – or there can exist positive growing eigenvalues,
being the highest of them the one which dominates the instability
scenario. For an overview of the linear stability analysis in optical
solitary waves see Ref. [3].
The linear stability analysis can be undertaken in any situation by numerical methods and only in some particular situations

by analytical methods, e.g. one-dimensional scenarios or simple
nonlinearities. The results of the linear stability analysis are signiﬁcant because only stable or weakly unstable solitary waves can
be probed experimentally.
3. The model problem: Schrödinger equation with cubic–quintic
nonlinearity
As a model problem to illustrate and test the proposed method
we use the cubic–quintic nonlinear Schrödinger (CQNLS) equation
of (2D + 1) form with two transverse dimensions and one evolution dimension:

i

∂ψ
+ ⊥ ψ + n2 |ψ|2 ψ − n4 |ψ|4 ψ = 0
∂z

(1)

where ⊥ is the two-dimensional Laplace operator and n2 and n4
the strictly positive coeﬃcients of the nonlinear terms. The stationary states of Eq. (1) with azimuthal charge l and propagation
constant β , also known as vortex states, can be written as

ψ(r, z) ≡ ψ(r )e i (lϕ +β z)

(2)



where r = (r , ϕ ), r = x2 + y 2 , ϕ = tan−1 ( y /x) and β > 0. We
maintain for convenience the same notation ψ for the radial dependence of the solution. Inserting the above vortex state into the
time dependent Eq. (1) one obtains the stationary equation,

r ψ −

l2
r2

ψ + n2 |ψ|2 ψ − n4 |ψ|4 ψ − βψ = 0

(3)



where r = d2 /dr 2 + (1/r ) d/dr. Finite norm N = dx dy |ψ|2 < ∞
solutions of Eq. (3) are found for propagation constant β in the
range (0, βcr ) with βcr = 3n22 /16n4 [13,14]. In the subsequent numerical calculations we set n2 = n4 = 1 which leads to βcr =
0.1875. For values of β close to zero the stationary states of Eq. (3)
resemble those of the cubic nonlinear Schödinger equation. As we
approach the critical value βcr the defocusing quintic nonlinearity leads to the saturation of the maximum amplitude while the
norm grows by an increasing spatial radial width [13]. The stationary states described by Eq. (3) can be calculated using for instance
the shooting [18], relaxation [13], imaginary time evolution [15],
ﬁxed-point [16] or gradient-conjugate methods [17]. Fig. 1 gives an
overview of the various stationary vortex states for several values
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of the azimuthal charge l and the eigenvalue β . The properties of
Eqs. (1) and (3) were extensively studied theoretically and numerically – see for instance Ref. [19] for a somewhat comprehensive
list of the published works.
3.1. Linear stability analysis for the model problem
The linear stability is addressed by considering a slightly perturbed stationary state ψ̃(r ) of the following form [20]:



ψ̃(r, z) = ψ(r ) + u (r , z)e ip ϕ + v (r , z)e −ip ϕ e i (lϕ +β z)

(4)

where the perturbation functions were written explicitly in polar
coordinates in order to match the description of the vortex state
(2). Inserting the perturbed stationary state (4) into Eq. (1) and retaining only the ﬁrst-order terms of the perturbation modes u (r )
and v (r ) we obtain an equation system which models the development of perturbations of azimuthal order p:

∂u
(l + p )2
+ r u −
u + Q (ψ)u + R (ψ) v ∗ = 0
∂z
r2
∂v
(l − p )2
−
+ r v −
v + Q (ψ) v + R (ψ)u ∗ = 0
∂z
r2
−

(5a)
(5b)

where Q (ψ) = −β +(2n2 − 3n4 ψ 2 )ψ 2 and R (ψ) = (n2 − 2n4 ψ 2 )ψ 2 .
The perturbation modes are characterized by an azimuthal
charge p, a propagation constant δ , and the radial proﬁles u (r ),
v (r ) of ﬁnite norm. Writing, for simplicity, u (r , z) ≡ u (r )e δ z and
∗
v (r , z) ≡ v (r )e δ z we arrive at the following linear eigenvalue problem:

r u −
r v −

(l + p )2
r2

(l − p )2
r2
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they have the drawback of being unable to distinguish between
physical eigenvalues and spurious ones [21]. Though there exist
extra techniques [22,21] to help choosing among them they are
not always applicable and a general problem may result diﬃcult to
solve. Apart from this fact a direct calculation may require a big
computational effort. That is why speciﬁc methods have been developed for different systems, based on the knowledge of the kind
of the perturbations that may affect the system, usually related to
the symmetries. For instance, the stability of vortex states (Eq. (2))
is studied usually in polar coordinates instead of Cartesian ones,
as it can be formulated by one-dimensional equations in the radial
coordinate.
Some insight into the linear stability can be gained using a
merely phenomenological approach where an arbitrary initial state
is propagated by Eqs. (6) [4]. After a long enough propagation distance the initial data should converge to the eigenvector with the
highest growth rate, and this rate is obtained comparing the amplitude of the perturbation in two consecutive positions. However,
this method is not so eﬃcient depending on the system. In such a
case, due to the small growth rate, a long propagation distance and
a small propagation step is necessary and the algorithm takes a
long time to converge. Besides, for some systems – remarkably for
the top-ﬂat states of the cubic–quintic nonlinearity – a very dense
mesh to sample the eigenstate is required and consequently the
computational effort is very high [13]. As an additional drawback,
this method provides only the dominant perturbation, i.e. the perturbation with greatest growth rate, masking the slower developing perturbations, and is consequently inappropriate for calculating
the eigenvalues with vanishing real part (oscillatory modes [23]).
4. Relaxation algorithm

u + Q (ψ)u + R (ψ) v ∗ − δ u = 0

(6a)

v + Q (ψ) v + R (ψ)u ∗ − δ ∗ v = 0

(6b)

Both the evolutionary (5) and eigenvalue (6) equations systems
are the basis of the linear stability analysis. Since the radial proﬁles
u , v and perturbation eigenvalue δ value may take on complex values throughout the numerical calculations we make no assumption
concerning their realness. Numerical simulation of the propagation
by Eqs. (5) offers a direct insight of physical signiﬁcance of the
unstable perturbation modes as they grow with the propagation
distance z. The eigenvalues δ obtained from the linear eigenvalue
problem (6) characterize the evolution with the propagation distance as follows [3]: whenever Re{δ} > 0 we speak of growing
perturbation modes, otherwise of stable, albeit oscillatory, modes.
When dealing with growing perturbation modes, the magnitude of
the nonzero real part of the eigenvalue δ gives an estimation of
the propagation distance by which the instability sets in while the
azimuthal order p offers a qualitative description of the pattern
developed by the instability during propagation [6].
In general the linear stability analysis accounts for a qualitative
description of the destabilization process only during its ﬁrst stage,
as other types of instabilities may take over and ultimately drive
the process [7].
3.2. Numerical methods for linear stability analysis
The straightforward numerical solution to the linear stability
analysis is given by algorithms for eigenvalue problems applied directly to Eqs. (6) based, for instance, on ﬁnite difference [18] or
spectral formulation [21]. These methods present the advantage of
being applicable to a general kind of eigenvalues, including those
with vanishing real part which are particularly diﬃcult to calculate
using other methods since they are oscillatory modes which do not
induce growing instabilities in the stationary state. Unfortunately,

Both stationary Eq. (3) and the eigenvalue problem (6) can be
reformulated in terms of a two-point boundary-value problem as
follows:

F (ξ ; β) = 0,

with ξ : [rmin , rmax ] → Cn

G 1 (ξ, rmin ) = 0,

G 2 (ξ, rmax ) = 0

(7a)
(7b)

For the stationary equation of the vortex state we set ξ ≡ ψ so
that F (ψ; β) = 0 stands for Eq. (3). To operate with the eigenvalue problem we set ξ ≡ (u , v , δ) and add the differential equation dδ/dr = 0 for the complex eigenvalue δ to Eqs. (6) in order to
obtain F (u , v , δ; β) = 0. With this type of parameterization we ensure that both problems can be handled automatically using the
same numerical procedure. The relaxation method for the twopoint boundary value problem is based on the Newton iteration
method to produce successive corrections over an initial data set
ξ (0) until a convergence criteria is met [8]:

ξ (k+1) = ξ (k) − ξ




∇ F ξ (k) ; β · ξ = F ξ (k) ; β

(8a)
(8b)

For an eﬃcient numerical implementation, Eqs. (3), (8) and (6)
were discretized using a second-order ﬁnite difference scheme –
see Ref. [8] for details. For each value of the propagation constant
β the relaxation algorithm is used to calculate the vortex eigenstate of Eq. (3) and subsequently the perturbation modes u , v and
eigenvalue δ from Eqs. (6). The ﬂowchart presented in Fig. 2 gives
an overview of the adaptive procedure developed around the relaxation algorithm to follow the changes of the perturbation eigenvalue δ with the propagation constant β .
4.1. Boundary conditions
The boundary conditions (7b) derived from the asymptotic behavior of Eqs. (3) and (6) for rmin → 0 and rmax → ∞ read for the
nonlinear vortex state ψ as:
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The advantage is that one can construct such a solution for a
non-critical parameters region. In the case of Eq. (3) one starts
preferably by lower values of the propagation constant β where
the eigenstates resemble those of cubic NLS and a simple gaussian proﬁle works well as initial guess, or alternatively one may
assume a supergaussian ansatz for the top-ﬂat vortices close to
critical value βcr [11,13].
The boundary problem for the perturbation modes u , v and
eigenvalue δ is more involved and to get a good starting solution we rely on the estimation of the perturbation growth rate [4]
and on a pseudo-spectral solver for eigenvalue problems [21]. Also,
when available, these methods were used to crosscheck the results
obtained by the relaxation algorithm.
4.3. Results and discussion

Fig. 2. Flowchart of the numerical adaptive procedure to track the perturbation
eigenvalues in the linear stability analysis.

ψ(r  rmin ) ∝ r |l|
ψ(r  rmax ) ∝

(9a)

√
e− β r

(9b)

r

and for the perturbation eigenmodes u and v as:

u (r  rmin ) ∝ r |l+ p |

(10a)

v (r  rmin ) ∝ r |l− p |
√
e − β−i δr

u (r  rmax ) ∝

r

√

v (r  rmax ) ∝

e−

β−i δ ∗ r

r

(10b)

=

e (a1 +ia2 )r

=

r
e (b1 +ib2 )r
r

(10c)
(10d)

where the coeﬃcients ak and bk were calculated such that a1 , b1 <
0 in order to ensure ﬁnite norm perturbation modes:

√ 
a1 = ∓
2

b1 = ∓
2

2

2

√ 
2

2

(β + δ I )2 + δ 2R ± (β + δ I )

(11a)

(β − δ I )2 + δ 2R ± (β − δ I )

(11b)

with δ R ( I ) being the real (imaginary) part of δ .
At this point a discussion regarding the boundary conditions
is in order. For the ﬁeld equation F (ψ; β) = 0 the two-boundary
conditions (9a) and (9b) suﬃce to get the relaxation algorithm
working. In the case of eigenvalue problem F (u , v , δ; β) = 0 as we
included an additional differential equation for the eigenvalue δ
the boundary conditions (10a)–(10d) are not enough. Therefore we
impose v (rmax ) = v rmax by taking advantage of the linearity of the
problem (6). This approach opens the possibility of determining
complex valued eigenvalues δ of any kind, in contrary to previous
conclusions that relaxation methods cannot handle complex eigenvalues [26].
4.2. Initial guess for the starting point
To start the relaxation algorithm one needs an initial guess lying suﬃciently close to the numerical solution to be computed.

We choose as starting point the solution corresponding to propagation constant β = 0.1. From this initial value the domain of β
is swept toward 0 and βcr . We use a number of 50 000 sampling
points which distributed within an interval of few hundred units
yields an error of the order of 10−5 .
Fig. 3 presents the dependence of the real part of the perturbation eigenvalue on the propagation constant β for vortices of
different azimuthal charge l and perturbation order p, all data being computed without using any extrapolation criteria. The relaxation algorithm permits the calculation of very small perturbation
eigenvalues and one can trace more accurately the decay down
to zero. This decay raised some issues on deciding whether the
vortex eigenstates of CQNLS equation were linearly stable or not.
Eventually it was found that choosing a poor spatially discretized
domain or a not small enough advancing step gave inaccurate results when trying to compute small growth rates – see Refs. [12]
and [13]. From Fig. 3 one can infer that there exist small stability
windows, in accordance with the conclusions drawn in Ref. [13].
In particular, the eigenstates of CQNLS equation display a qualitative change as they approach βcr and their norm increases, this
fact being reﬂected into a slower decay of the growth rate, see
Fig. 3. This change takes place at very small values of growth rate
and requires an increased number of points and a smaller advancing step to be traced by the growth rate method. Using the
relaxation algorithm, however, no special settings were required.
In general, the vortex states of CQNLS equation display linear
perturbation modes with complex eigenvalues. It was argued [26]
that the relaxation algorithm would not work for complex eigenvalues. The curves presented in Fig. 3 are only a small part of
a broader picture of the linear stability analysis where oscillating
and growing modes may coexist. Fig. 4 displays the dependence
of both real and imaginary parts of the perturbation eigenvalue δ
for a vortex state l = 2. It was found that the relaxation algorithm
can follow the changes of a complex valued δ , including the case
when its real part vanishes and the growing mode turns into an
oscillating one.
4.4. Eﬃciency and extensions
The implementation of the continuation procedure may rely on
other iterative methods as well, for instance those mentioned in
Ref. [9]. Taking the linear stability problem formulated in Section 3
as test problem we performed an analysis on the robustness of the
Newton relaxation algorithm in comparison to an imaginary time
propagation method, namely the square operator iteration method
(SOM) [17].
We choose the linear perturbation mode of charge p = 1 of
the CQ vortex with azimuthal charge l = 50 for β = 0.1. This particular perturbation mode possesses a small complex eigenvalue
which is diﬃcult to be determined accurately by grow rate method
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Fig. 3. (a–c) Real part of the perturbation eigenvalues for different vortices of charge l and perturbation order p (values displayed on the curves). The circles correspond to
the values calculated by the growing rate method. In subﬁgure (d) we used a broken vertical scale in order to display the low order perturbations 1 and 3.

Fig. 4. Real (solid) and imaginary (dashed) part of perturbation eigenvalues for the vortex with azimuthal charge l = 2.

Fig. 5. Real (solid circles) and imaginary (empty triangles) part of the linear perturbation eigenmodes (a) u (r ) and (b) v (r ) of azimuthal charge p = 1 obtained by the direct
eigenvalue method based on pseudo-spectral discretization for β = 0.1 and l = 50.
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Table 1
Performance of Newton and SOM algorithms with respect to perturbations in the initial state. The unperturbed eigenvalue determined by the direct eigenvalue method is
δ = (1.55333 − 3.02339i ) × 10−3 . δi ( f ) stand for the initial (ﬁnal) eigenvalue of the eigenmode.
No.

ε

δi (×10−3 )

SOM
Iterations

1
2
3
4
5
6
a

10−5
10−4
10−3
10−2
10−1
–

1.55320 − 3.02354i
1.55440 − 3.02534i
1.52559 − 2.97259i
1.21699 − 2.71929i
3.18763 − 4.80428i
2.17706 − 1.46956i

808
4774
24 509
33 569
36 658

Newton
Time (s)

δ f (×10−3 )

30
1.55317 − 3.02351i
92
1.55322 − 3.02465i
462
1.56594 − 2.98467i
802
1.44265 − 2.72186i
Convergence failurea
841
2.18347 − 1.38811i

Iterations
73
73
74
74
8

Time (s)

δ f (×10−3 )

110
1.42999 − 3.02439i
114
1.42999 − 3.02439i
113
1.42999 − 3.02439i
115
1.42999 − 3.02439i
Convergence failureb
12
1.42999 − 3.02439i

After approximatively 334 800 iterations in 9000 second the algorithm gave as result δ f  (−4.0 + 0.5i ) × 10−3 which we interpreted as convergence failure.

b
Using as initial data the perturbed pseudo-spectral eigenvectors the algorithm was not able to recover the correct eigenvalue. Nevertheless, when considering as initial
data the perturbed, by same value of ε , interpolated eigenvectors the Newton algorithm converged after 9 iterations in 14 seconds to the eigenvalue δ f = (1.42998 −
3.02438i ) × 10−3 , line (5) in Fig. 6b.

Fig. 6. Convergence of (a) SOM and (b) Newton relaxation method for several identical initial data. The line numbers correspond to the row number of Table 1. For the error
deﬁnition see text.

using decent algorithm parameters. Therefore we have computed
it in MATLAB directly by an eigenvalue method using a pseudospectral discretization. 100 collocation points generated by roots
of Laguerre polynomials were displaced by a polynomial mapping
function toward larger values of r in order to sample the nonlin-

ear CQ vortex eigenstate. The spatial domain used in simulation
ranges approximatively from 60 to 310. We found an eigenvalue
equal to (1.55333 − 3.02339i ) × 10−3 being validated using the
technique described in Ref. [22]. Fig. 5 presents the spatial proﬁle
of the eigenmodes u and v associated to this eigenvalue.
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The eigenmode computed by pseudo-spectral method is perturbed according to w̃ j (r ) = w j (r ) + ε | w j (r )|η(r ) where w j
stands for the eigenvectors u , v, and η is a random uniform
distribution in the interval [−1, 1]. The eigenvalue corresponding to the perturbed mode was computed using the relation
δi = (u , v )† L (u , v ) / (u , v )† (u , v ) where L represents the pseudospectral discretization of the linear operator deﬁned by Eqs. (6).
The perturbed mode were used as initial data for the SOM and
Newton relaxation method. Table 1 resumes the information on
the convergence process for several values of perturbation amplitude ε . SOM was implemented using the spatial pseudo-spectral
discretization used by the direct eigenvalue method and a fourthorder Runge–Kutta method with a time-step of 10−2 for advancing
in time. The spatial grid used in the Newton method comprises
50 000 sampling points within a radial domain of approximatively
200 units. The algorithm converged when the numerical error at
step k

Error(k) =

1
MN

N ,M
i , j =1

(k−1)

(k)

| w j (r i ) − w j

(k−1)

maxri | w j

(r i )|

(12)

(r i )|

drops below 10−10 , where N stands for the number of sampling
points, w j (r ) represent the radial proﬁle involved in calculations
(including the derivatives in the case of Newton method) and M
for the number of radial proﬁles w j (r ). The simulations were performed on a computer with an Intel Core 2 Duo processor working
at 2.4 GHz with 4 GB RAM.
From Table 1 and Fig. 6 one remarks that the SOM converges
faster than Newton relaxation for initial data lying very close, i.e.
very small perturbation amplitude ε . On the other hand, Newton
algorithm shows to be more robust as it converges to the same
eigenvalue within the established numerical error for larger values
of ε . The larger number of iterations required by the Newton algorithm is due to the fact that the spatial proﬁle of the eigenmodes
and their derivatives are constructed by linear interpolation from
the initial perturbed eigenmodes. Nevertheless, when ﬁrst we interpolate and then perturb the eigenmode using the same value of
ε the Newton algorithm achieves very fast convergence, see note b
of Table 1 and curve (5) in Fig. 6. As ﬁnal test we used as initial
data a poor approximation computed by the grow rate method using 5000 sampling points, the results are displayed on row no. 6
in Table 1 and line no. (6) in Fig. 6b.
The ﬁnite difference discretization used by the Newton relaxation algorithm restricts the accuracy of the calculations. The speciﬁc implementation of the Newton algorithm [8] allows a partial
solution to this inconvenient by increasing the number of discretization points up to 105 as the storage needed increase linearly.
However when higher precision is required from the relaxation
algorithm the ﬁnite difference discretization scheme may be replaced by a (pseudo)spectral one [25]. When higher-dimensional
problems are to be analyzed the same procedure as in Section 4.1
can be used in applying the boundary conditions while the eigenvalue has to fulﬁll δ(r) = const. Complications will arise as the
structure of the matrix ∇ F (ξ (k) ; β) changes and numerical eﬃcient
methods for linear systems like Eqs. (8) are needed [24].

2485

5. Conclusions
We have shown that a relaxation algorithm based on Newton
method allows for accurate tracing of the changes of the complex
valued perturbation eigenvalues. The only requirement is an initial
guess for the ﬁrst perturbation eigenstate to calculate, which can
be provided by a rough solution obtained by some other particular method for non-problematic values of the parameters. As an
alternative to growth rate and direct eigenvalue methods, it alleviates the problem of calculating critic or problematic eigenstates
since it is possible to start in a non-critic region and approach
to the desired one slowly varying the parameters. Another advantage of the proposed method is the possibility of being used together with predictor–corrector, arc length continuation and bifurcation techniques in order to surpass limit and bifurcation points
which may occur (for numerical implementations see for example
Refs. [18,27]).
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